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Abstract 

Existence of a minimal observable length which has been indicated by string the- 
ory and quantum gravity, leads to a modification of Dirac equation. In this letter we 
find this modified Dirac equation and solve its eigenvalue problem for a free particle. 
We will show that due to background spacetime fluctuation, it is impossible to have 
free particle in Planck scale. 
PACS: 03.65.Pm, 04.60.-m 

Keywords: Quantum Gravity, Generalized Uncertainty Principle, Relativistic Quan- 
tum Mechanics, Dirac Equation 



1 



1 Introduction 



The problem of reconciling Quantum Mechanics with General Relativity is one of the 
task of modern theoretical physics which, until now, has not yet found a consistent and 
satisfactory solution. One of the most interesting consequences of this unification is that 
in quantum gravity there exists a minimal observable distance on the order of the Planck 
distance, Ip = ~ 10~^^cm, where G is the Newton constant. The existence of such 
a fundamental length is a dynamical phenomenon due to the fact that, at Planck scale, 
there are fiuctuations of the background metric, i.e. a limit of the order of Planck length 
appears when quantum fiuctuations of the gravitational field arc taken into account. In 
the language of string theory one can say that a string cannot probe distances smaller 
than its length. The existence of such minimal observable length which is motivated from 
string theory[l-5], loop quantum gravity [6], Non-commutative geometry [7] and black hole 
physics[8,9], leads to a generalization of Heisenberg uncertainty principle to incorporate 
gravitational induced uncertainty from very beginning. This generalized uncertainty prin- 
ciple can be written as 



At energy much below the Planck mass, nip = ~ lO^^GeV/c^, the extra term in 
equation (1) is irrelevant and the Heisenberg uncertainty relation is recovered, while, as 
we approach the Planck energy, this term becomes relevant and, as has been said, it is 
related to the existence of minimal observable length. Now the generalized commutation 
relation becomes, 



where = a'p- This feature constitutes a part of the motivation to study the effects 
of this modified algebra on various observable. Consequences of such a gravitational 
uncertainty principle (GUP), has been studied extensively[10-25]. Here we proceed some 
more step in this direction. We consider the effect of GUP on definition of momentum 
operator and then we obtain a generalized Dirac equation and solve the corresponding 
eigenvalue problem. We will show that it is impossible to have free particle in Planck 
scale. Comparison between our results and the results of ordinary relativistic quantum 
mechanics shows a considerable departure when one approaches extreme quantum gravity 
limit. We choose h = c = 1. In this situation 3' = 1"^ = Latin index i, takes the 

' P nip ' 

values 1,2,3 and Greek index ii takes the values 0, 1,2,3. Index stands for temporal 
part of 4- vectors. 





[x,p]-zMi + /?y), 



(2) 



ll 



2 



2 Generalized Dirac Equation 



Using GUP as equation (1), one can generalize usual momentum operator pop — 
the following form[19,20] 



op 



dx' I dx 



or in three-dimensional form, 

p'=-iV(l-/3'V'). 
To satisfy Lorentz invariance, this equation can be written as 



Pi = -^ 



1 - P'(d,)' 



ft. 



The square of this operator is, 



P =PiP 



1 - P'id.d^) 



i-f3'{d%) aM, 



which up to first order in /3' simplifies as 



p C^i — 



did'-2p'(d'di)(d'di) 



Now the Dirac equation[26]. 



which can be written as 



should be written in generalized form. For this purpose, in addition to 
of momentum operator, we should consider the generalization of energy 
Usually one considers the energy operator as E = iOq. As a consequence 
uncertainty principle, one can define generalized frequency as[27] 

uj = E - fi' E"^ ^ E{1 - (3' E"^), 

where a numerical factor of 1/3, which is irrelevant to our purposes has 
Using the energy mass shell condition p^ + — E"^, one finds 



E = e(1- (3'{p^ + m^)) = e(i - (3'p^ - (3W) . 



(3) 



(4) 



(5) 



(6) 



(7) 



(8) 



(9) 

generalization 
operator also, 
of generalized 



(10) 

been omitted. 

(11) 



Now the generalized Dirac equation can be written as 

idoiJ = -^o{n% + m)(l - P'ipif) - (3W)i^. 



(12) 



Since p^p' is given by equation (7), we find the following form for generalized Dirac equa- 
tion 



idoip = -70 ij^'di + m 



1 + /3' i did' - 



(13) 



up to first order in In this equation is generalized Dirac spinor which will be calcu- 
lated. Note that this equation has Lorentz invariance evidently. To solve this eigenvalue 
equation, first we try to write it in a form which be comparable easily with usual Dirac 
equation, (9). For this purpose, the right hand side of equation (13) can be written as. 



-lo{tl% + m) (1 + - P'm^)iP, 

= -7o(iy9i + ifyY{d'di)di - + m + (3'mdid' - p'm^)i^. 

Therefore, equation (13) can be re- written as 

idoil^ = -7o(iy9i + i(3'Y{d'di)di - (3'mHYdi + m + (3'mdid' - (3'm^)i), 

which leads to 

'e + [jSP'mij? - m^)]]^/' = [(a.p) (l - 13' {W^ + m^) + /?m)]v^. 
In comparison with equation (9), here we define a "generalized potential" 

Vq = p'mij)^ - m^) 

and "generalized momentum" 

n=p(l-/3'(V' + m2)). 



(14) 



(15) 



(16) 



(17) 



(18) 



Note that when /9' ^ 0, one finds Vq ^ and this shows that Vq can be interpreted as 
a potential related to quantum gravitational effects. In the presence of this generalized 
potential the particle is no longer free. Therefore in Planck scale there is no free particle 
due to quantum fluctuations of background spacetime. Now the generalized Hamiltonian 
becomes, 

H = {a.p){l- p'iy"^ + m^)) + (19) 
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and therefore generalized Dirac equation can be written as 

{E + (3Vo)i> = Hip. 



(20) 



To solve this generalized Dirac equation for "free particle", we consider the following 
solution 

iP{z,t)^ii;{z)e-'^\ (21) 

where e — X{E + Vq) and we have assumed that the particle is moving in 2;-direction. 
A = +1 or —1 is related to particle and anti-particle spectrum respectively. We consider 
the case A = +1 in which follows. Now, regarding to the 4-dimensional nature of spinors, 
we have 



X. 



^3 



(22) 



Using operator form of H as equation (19), we find 



E 



1 0' 
1 



■ 1 ■ 

- 1 



° ;).p(i-«vw))( 



X) 



+m 



1 



We should find eigenvalues and eigenvectors of this equation. Suppose that 



(fi{z) = (foe 



ip{l-P'p'^)z 



and 



1 ; \ 

(23) 



(24) 
(25) 



X. 



Two points should be notified here: first note that we have considered the generahzed 
form of momentum operator in these equations. Secondly, existence of minimal length 
destroys the notion of locality. As Kempf has shown, in this situation one should consider 
maximally localized states[25]. Therefore (24) and (25) are maximally localized states. 
After substituting these two supposed solutions in equation (23), some simple algebra 
gives 

{E + T/o)<^o = ((J^-p)[l - /3'(2p' + m')]xo + m(^o 

{E - yo)xo = (a..p)[l - /5'(2/ + m2)](^o - mxo, (26) 

where leads to 



Xo = 



a,.p)(^l-/5'(2pn 
E-V^ + m 



m 



<Po- 



(27) 
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Now suppose that 



then it follows that 



Xo 



E-Vo + m 







(28) 



(29) 



To find energy spectrum of the system one should evaluate the following 4x4 determinant 

E + Vo-m -(cT^.p)fl -/3'(2/ + m2) 

-{a,.p)(l-P'{2p' + m']' 



Using the identity 



a simple calculation gives 



E -Vo + m 
((T.A)((T.B) = A.B + ia.{A x B) 



0. 



(30) 



E'^^p'^ + m^+ [2(3'(2p^ - p'^m'^ + m^] 



(31) 



(32) 



up to first order in /?'. The term in curly bracket gives the correction due to quantum 
gravitational effects. In usual quantum mechanics, /5' <C 1, and therefore one recovers the 
well-known result for relativistic free particle. In extreme quantum gravity limit when 
/3' ~ 1, there is a considerable departure from usual picture. 
Now the time-dependent wave function of the system becomes, 



or equivalently 



-0 = f^^W-P'p'^-KE+VoY] 



E+m-Vo 



(33) 



(a..p)(l-/3'(2p2W)) 
E+m-Vo 



'1' 



J 



(34) 



The normalization constant can be calculated using orthogonality condition 

/ V^l,p(^, t)i'x,p{z, t)(fz = 5x,x'5{p - p'), 

which leads to 



^ ^^{a,.p){l-P'{2p' + m'))^2 



E + m-Vo 



(35) 
(36) 
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or 



N 



{E + m- VoY 

{E + m- VoY + ({a,.p){l - f3'{2p^ + m^)) 



2 • 



(37) 



In terms of explicit form of Vq and IT, and using equation (31), this normalization factor 
becomes 

~ V 2m2 + 2p2 - 2(5'p^m? + 2Em ' ^ ' 

Now the complete wave function for "free particle" in GUP is given by 



/ + 2/;/2 + + 2Eni 
2w? + 2p2 - 2/3ym2 + 2Em 



( 1 \ 



(a..p)(l-/?'(2p2W)) 
B+m-Vb 

V / 



,ib(i-/3y)^-A(£;+vo)t] 



(39) 

for A = ±1. In the limit of (5' — * 0, this equation reduces to usual Dirac spinor for 
free particle[26]. Now one should consider Helicity. In relativistic quantum mechanics, 
Helicity is defined as [2 6] 

As = S.p, (40) 



where 




(41) 



and p = ^. When one considers the generalized form of momentum operator, the p 
unit vector does not change and therefore, Helicity operator suffers no change in GUP. 
It is straightforward to show that generalized Hamiltonian and generalized momentum 
operator commute with Helicity operator, i.e. [i7,As] = and [H,As] = 0. Now we 
should consider this further degree of freedom in complete wave function. Since we have 
considered the 2;-direction as our preferred direction, there are two possible eigenvalues 
for Helicity operator: ±1/2. Therefore the complete Dirac spinor in the framework of 
GUP for "free particle" is given by 



I p^ + 2rri? + A(3'p^ + 2Em 
2m? + 2p2 - 2(5'p^m? + 2Em 



( 



\ 



\ E+m-Vo 



1 



,i]p{l-l3'p^)z-X{E+Vo)t\ 



(42) 
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for positive Helicity and 



+ 2/;/2 + + 2Eni 



/ 



(ai.p)(l-/3'(2p^W)) 



0' 



for negative Helicity. The orthogonality condition, 
is satisfied properly. 



^\p{l-l3'p^)z-X{E+Vo)t\^ 

(43) 
(44) 



3 Summary 

Gravity induces uncertainty. Considering this additional gravitational induced uncer- 
tainty, usual uncertainty principle of Heisenbcrg should be modified. This fact leads to 
generalized uncertainty principle. An immediate consequence of this generalized uncer- 
tainty principle is generalization of momentum operator. This generalized form of mo- 
mentum operator should leads us to a generalized Dirac equation. In this paper we have 
found this generalized Dirac equation and have solved its eigenvalue problem. We have 
shown that in Planck scale, due to quantum fiuctuation of background spacetime, there 
is no free particle. This have led us to define a quantum gravitational generalized poten- 
tial. Our calculation shows that Helicity operator do not changes in GUP and therefore 
complete generahzed spinor of "free particle" has been found systematically. Compari- 
son between our results with usual result of relativistic particle shows that in extreme 
quantum gravity limit, ^ 0, the departure from ordinary results are considerable. 
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